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I. INTRODUCTION
The negatively charged nitrogen-vacancy (NV À ) center in diamond has attracted enormous interest in recent years as one of the most promising candidates for the realization of solid-state quantum computation. [1] [2] [3] [4] [5] The ground state of the NV À center is a paramagnetic spin triplet, 6 which can be spin polarized 7 and readout 8 at room temperature. The electronic properties of the NV À center have been fully studied by group theory 6, 9 and by first-principle calculations. 10, 11 The localized electrons in the NV À center couple strongly with the crystal lattice, 12 therefore the lattice vibrations have great influence on the optical transitions. One case in point is that there is a broad vibronic band near the zero-phonon line in the fluorescence emission spectra corresponding to the 3 
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A transition of the NV À center. 13, 14 Until now there has been little theoretical work devoted to the quantitative explanation of the vibronic band in the fluorescence emission spectra, which is crucial for a full understanding of the optical transitions in the NV À center. In this paper we study the vibronic band of the NV À center by using the lattice relaxation approach 15 originally developed by Huang and Rhys in the 1950s, presenting a complete physical picture of the optical transition in the NV À center. The paper is organized as follows. In Sec. II, we briefly describe the theoretical model of lattice relaxation based on the linear hole-phonon interaction and then give the expression of the optical transition probability as a function of the emitted photon energy under the influence of lattice relaxation. In Sec. III, we calculate the fluorescence emission spectra of the NV À center at different temperatures according to the single frequency model and analyze the effects of temperature on the zero-phonon intensity and on the vibronic band. To check the validity of our model, we compare our calculated results with the experimental measurements and observe the reduction of anti-Stokes shift at high temperature. This is theoretically explained by the introduction of the nonlinear hole-phonon interaction in our model.
II. THEORETICAL MODEL
The nitrogen-vacancy (NV) center in diamond is made up of a substitutional nitrogen impurity and a carbon vacancy in an adjacent lattice site, which can capture an extra electron to form the NV À center. Each carbon atom adjacent to the vacancy contributes one electron, the nitrogen impurity contributes two electrons as a donor in diamond, and an extra electron is possibly given by nearby substitutional nitrogen impurities, so a six-electron model 6 is always used to determine the electronic structure of the NV À center. If we add two more electrons to the NV À center, its wave function is equivalent to the state of an atom with a closed shell, therefore, its electronic configuration can also be determined by a much simpler two-hole model. 9 If we neglect the coulomb interaction, the spin-orbit interaction and the spin-spin interaction, the Hamiltonian of the two-hole model iŝ
whereĥ j is the one-body Hamiltonian of the hole in the NV longitudinal acoustic (LA) phonons based on the deformation potential model. Also, Q k is the normal coordinate for the LA lattice mode k, D is the deformation potential constant, V is the system volume, q is the density, and c is the sound velocity. For simplicity, we assume the LA lattice mode with linear dispersion here.
In the adiabatic and Condon approximations, the multiphonon transition probability for the optical transition from one state q to another state p can be generally expressed as 16 FðEÞ
with
where the v-functions are simple harmonic oscillator wave functions, AV signifies the thermal average over the initial phonon numbers, E is the energy of the emitted photon in the optical transition, M pq denotes the matrix element of the electric moment of the hole between the initial state q and the final state p, and Q denotes all the normal coordinates of the lattice vibrations. From the Fourier transformation, the transition probability F(E) can also be represented by the following integral expression
where
qpk ; denotes the Huang-Rhys parameter for the LA lattice mode k, and e k ¼ hx k is the phonon energy of this mode. We introduce the total Huang-Rhys parameter
which denotes the total hole-phonon coupling strength. The first moment of the spectral distribution (i.e., the weighted mean photon energy) is then given by
where W qp denotes the energy level difference between state q and state p. The anti-Stokes shift 17 of the emission spectra is
which means that on the average S phonons of energy e are emitted in the optical transition from the excited state q to the ground state p. If we assume that there is only one single frequency, we can evaluate the transition probability F(E) by the method of steepest descent 16 as follows
where n k ¼ 1=(exp(e k =k B T) À 1) is the thermal average phonon number, and k ¼ (W qp À E)=e k denotes the number of phonons emitted in the optical transition. The NV À center has C 3v symmetry, so the orthonormal molecular orbits 10 (MOs) can be constructed by means of group theory as follows
where 
jpi ¼ je x e y À e y e x i j "# þ #"i=2;
where E 6 ¼ jve 6 À e 6v i=2; e 6 ¼ Çðe x 6e y Þ.
III. RESULTS AND DISCUSSION
The localized holes in the NV À center have strong coupling with the lattice vibrations. Strictly speaking, we should consider all the LA lattice modes below the Debye frequency (the Debye temperature of diamond is H D ¼ 2230 K, so the maximum LA phonon energy is e m ¼ 192.5 meV); however, the total number of the LA lattice modes is so vast that strict calculations appear impossible. For this purpose, we adopt the widely used single frequency model, which assumes that all participating lattice modes have the same frequency or energy.
The crucial issue is to choose an effective LA phonon frequency below the Debye frequency to approximate the hole-phonon interaction. Obviously it is sensible to choose the frequency of the lattice modes that couple most strongly with the localized holes as the effective phonon frequency.
From Sec. II, we know that the Huang-Rhys parameter for a particular lattice mode denotes the coupling strength 063519-2between the localized holes and this lattice mode. Although the absolute value of the Huang-Rhys parameter is very small for each lattice mode since the total number of lattice modes is very large, we can still compare the Huang-Rhys parameter for different lattice modes and determine the one that couples most strongly with the localized holes. Figure 1 shows the relative coupling strength as a function of phonon energy when the phonon wave vectors point along different crystal directions. From this we can approximately determine that the energy of the lattice modes that couple most strongly with the localized holes is e ¼ 60 meV. Moreover, the antiStokes shift of the fluorescence emission spectra of the NV À center is measured to be 0.185 eV at low temperature, 13 so the corresponding Huang-Rhys parameter can be estimated as S ¼ 3.08.
It is well known that the number of phonons emitted in the optical transition has to be an integer, so the calculated fluorescence emission spectra as a function of photon energy should appear like discrete peaks with equal intervals. However, since the frequency we adopt here is an effective frequency representing all the lattice modes, we assume that the phonon number can be a continuous variable. In Fig. 2 we show the calculated transition probability as a function of the number of phonons emitted in the optical transition at different temperatures and find that (a) the intensity of the zerophonon line is very strong at low temperature, while it decreases rapidly when the temperature is increased until it disappears; (b) the first moment of the vibronic band is located at about k % S, that is, the most probable situation is that approximately S phonons are emitted in the optical transition; and (c) the width and peak of the vibronic band are almost unchanged as the temperature increases.
To check the validity of our single frequency model, we compared the calculated and experimental fluorescence emission spectra for different temperatures. When T ¼ 1.8 K [ Fig. 3(a) ], the calculated and experimental results agree very well by using the effective phonon energy and the corresponding Huang-Rhys parameter determined above. However, when T ¼ 300 K [ Fig. 3(b) ], if we still use the effective phonon energy as above, then the Huang-Rhys parameter has to be decreased to S ¼ 2.50, indicating that the anti-Stokes shift is decreased at high temperature. This is obviously contradictory to our above model, since in the linear holephonon model the anti-Stokes shift does not change as the temperature changes.
We propose that the reduction of the anti-Stokes shift is caused by the quadratic hole-phonon interaction that may become prominent at high temperature. For simplicity, we neglect the coupling between different lattice modes, and the hole-phonon interaction is given by 
In the adiabatic approximation the hole-phonon interaction is treated as a perturbation, so the first order approximate energy of the NV À center in state m is 
The eigenvalue equation for the lattice motion is
which can be transformed as
With the introduction of the quadratic hole-phonon interaction, we can see that when the NV À center is in state m, the phonon frequency is changed to ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi x 2 k þ 2c mk q for the LA lattice mode k while the lattice relaxation energy becomes
mk . We can easily show that in the linear holephonon interaction model, the frequencies of all the lattice modes remain unchanged and the lattice relaxation energy is
mk . For the nonlinear hole-phonon interaction model, if we suppose that the phonon frequencies remain unchanged as in the linear model, then to keep the lattice relaxation energy unchanged, the displacement of the normal coordinate for the LA lattice mode k should be changed to
If we further assume that c pk % c qk > 0, then the overall Huang-Rhys parameter decreases to
which explains the reduction of the anti-Stokes shift in the optical transition at high temperature. The quadratic coupling has also been taken into account by Davies in 1974 to study the vibronic bands in diamond. 19 In his work, he mainly discusses the effects of quadratic coupling on the peak energy and width of the zero-phonon line. In this paper we mainly discuss the effect of the quadratic coupling on the Huang-Rhys parameter, i.e., the first moment of the spectral distribution.
IV. CONCLUSIONS
In summary, we have investigated the effects of the lattice vibrations on the optical transitions of the NV À center in diamond by means of the multiphonon transition theory. We show that the vibronic band of the fluorescence emission spectra of the NV À center can be well explained by the single frequency model with the linear hole-phonon interaction. We also find that the anti-Stokes shift of the NV À center in the optical transition is reduced at high temperature, and propose that the nonlinear hole-phonon interaction should be the main cause of this anomalous phenomenon.
